
Fourier Analysis Mar 15,2022

Review
:

Consider the heat equation on the circle

{ 2¥
= É¥ , ✗ c- [0,1)

,

t > o A- I

ttfx , o ) = fsxl . (** )

U=U(x.tl denotes the temperature".÷: at the point x and time t
.

\
-

In the last lecture
,

we roughly derived the following formula of it

by using the superposition method :

Uifx,t ) = É f^cn, e-4-11%4 eitinx
.

(***)
h= -W .

Propositioning : Let f- be 1- periodic function on IR
.

Assume that f is Riemann integrable on 1-0,1)
.

Then
1 -4 -1in't 217in

UHH = I fcn ) e e on 113×6,01
NEZ

satisfies 1*1
. Furthermore if f- is cts at

Xo
,
then 11in It /xo.tl = fcxol .

+→ o

g
- - .

1M U 40
,

+→ o



Recall a useful result in Math 2060 :

Th_m_ . Let Je IR be an interval
.

Let ffn ) be a sequence
of diff functions on J

.

Suppose ① 7- Xo C-J such that fncxol converges as n→w

② fÑ•(xi =3 Gal on J
,
as a→ is

.

Then • fnlxl =3 fat on J for some f- as n→•
.

• f-
•

a) = gal on J
.

pf of Prop 1 .

Let to > 0
. Notice that

is

fin , e-
4th't eztiinxI

h=-

converges uniformly on IRX ( to
,

is) ( by Weierstrass
'

M - test )
Hence U is cts on lRx(to

,
is )

.

Using the same argument , we see that

•

If ( fin, e-
41-1%7 editingI

h=- is



converges uniformly on IRX (to
,
b)

Thus •

¥( pen , e-tin't eating .¥É¥= I
h=- is

similarly
•

II. ( Fon , e- 4" titeitinx)I÷= E
n = - is

since ⇒ ( Fcn ) e-4174't eitinxy
= ⑦nie-41in

't eating

= Fkn) . f- 4%44 e- " "
'n'tellin

1

we obtain

2¥ = 2¥, on IR ✗ (to
,
b)

since to is arbitrarily taken , so u satisfies ④

on IRX ( o , b)
.

To see the limiting property of U(x.tl as b-→ o
,



let us write

Htcxi : = [ e-
417%4 zitinx

e on IR ✗ (0,0)
n=- is

we call it the heat kernel on the circle
.

(Ht) is a good kernel as b- → o in the following sense :
too

• 1-1+1×1 dx = 1 for all too
.

Ieasily checked)
• Ht (X ) > 0

,
for all t> o f will be checked in our

latter classes)
• t Sso

, f.gl
"

Htcxidx → 0 as b-→ o
.

We claim that

UCx.tl = Ht * fat

= fit fcx - y ) Ht (b) dy
.

Notice that
r n

Ht # f- Cn ) = Htcn) • f^Cn )
= e- 41-irit.f.cn)



Ñfn ) = e-""titfyn ,
since both UC. ,t ) and tht # f-G) are cts in ✗

and they have the same Fourier series , so

U(x.tl = Ht * fat
.

Since (Ht )t> ☐

is a good kernel as t→o
,

so we get

t.im Ulxit) = fan provided that f is cts at x.
t→o II



Chap 5 .
The Fourier transform on KR

.

A reasonable 21T - periodic function on IR can

be represented by its Fourier series .

Similarly a reasonable l - periodic function on IR

can be represented by its Fourier series
.

For instance
, if f is an d- periodic diff

function on IR
,
then

2¥ inx
fix , = É fine

h=- is

e -

inxwhere §cn)= d- fo fate dx
.

• Do we have an analogue for non- periodic
functions on ☒ ?



§ 5-1 Functions of moderate decrease

and integrations .

Def . A function f : ☒ → 1C is said to be

of moderate decrease if
① f is cts on IR

.

② 7- A > 0 such that

/fail E ¥×, for all ✗ c- 112
.

For convenience
, we use MURI denote the

collection of all functions of moderate decrease .

Then MARI is a vector space .

If f , g c- MURI
,
then 2ft pg c- MUR)

for all 2, BE 1C
.



Beef. ( improper integration )
Let f- c- MARI . 'we define

N

f fcxidx = him
N→w
[
µ
Fcxidx

.

- co

lemma 1 .
Let f-c- MARI .

Then the above limit

exists
.

Pf . Write In : = f- ¥ fcxldx
,

NEAT
.

To show the limit exists
,
we only need to

show that (IN ) is a Cauchy sequence .

Let M > II.

1 In - In / =/ f fcxldx - f fcxidx /
1×1 EM HIEN

=/ f fan dx /
*1×1 EM



⇐ f lfcxildx
14<1×1 EM

f f µ÷ DX

1×1 >Ni

← AS
1×1> µ

¥ DX

= 2¥g → o as N → is

So ( In) is a Cauchy sequence. ☒



Lemma 2 . We write

L(f) = f) fcxidx for f- c- MARI
.

Then
① L is linear

,
i.e.

L( aft pg ) = 2L(f) + BL / 81
for f.geMCR ) and d. PEG .

③ L is translation invariant
.

£? fcxthldx = f- I fcxidx , the IR .
③ Scaling under dilation : Hs > 0

,

SSI fish dx = [I fcxidx .

④ Absolute continuity .

Iim f-
isf.→ o

°

/ faith ) - fan / dx =o



Pf of ④
.

Let E > 0 . Assume that

he f- 1
, 1)

.

Take a large number Ali > o such that

f t.fm/dxsE .

☒17N-1

Then for ht C- 1,1 )
,
we have

fix
, >

/ faith ) / dx
-N

£ f.
× ,±µ, ,

/fail DX se
.

Hence

flfcx-lhl-fwldxf.is?ffcxth1-fcxs/dx=m=N
+ 5 (faith) - fail

1×1<-14 DX

lfcxthildx -1 f Ifan / dx£ fix
, > µ 1×1214

+ fµgµ / faith ) - fan / dx



/ faith) - fan / dx{ ZE + JIHEN
for all he C- 1,1)

.

Notice that f is uniformly cts on
[ - N-1

,
N-111

.

Hence I 8 > o such that

/ faith) - fail £ ÷
,

for all ✗ c- EN , NI and th / a 8
.

So for h with 1h 1<8 ,

f / faith) - fan / DX f £,

• 2N

HIEN
= { .

Therefore
£? / faith ) - fan / dxs ZE if lhks .
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